Let A = (A,, A,) be a pair of Hermitian operators in @" and A = A, + iA,. We investigate certain differential properties of the numerical range map nA: r H
INTRODUCTION
Let C" be the standard n-dimensional unitary space equipped with its usual inner product ( . , where S(C") = {x E @" : [lxll = l}. Both the Rayleigh quotient and the numerical range of A have been extensively studied (see, e.g., [4, 5, 8, 9, 11, 131) as they relate to certain important properties of the operator A. For example:
(Pl) A stationary value of the Rayleigh quotient exists iff A and its adjoint A* have an eigenvector in common. Moreover, all the eigenvectors of A occur in this way iff all eigenvectors of A are also eigenvectors of A*, which is equivalent to A being normal, i.e. AA* = A*A (see 113, Section 111.181).
(P2) The set W(A) is always compact and convex in C. Thus, its boundary d W( A) can have at most countably many points at which it is not differentiable. Any nondifferentiable points A E 6'W( A) are necessarily eigenvalues of A [4, Theorem 11. In this paper we take a different approach. As is well known, there exists a uniquely determined pair A = (A,, A,) of Hermitian operators in T(C"> such that A = A, + iA,. Let (u, u) E [w" X R" = R2" be identified with u + iw E @", and S(rW2"> be the unit sphere of (w'". Then the Rayleigh quotient of A, restricted to S(@"), can be identified (see Section 2) with the numerical range map n* : S(Rzn> + R2 associated with the pair A, where n*((u,o)) = (( A,(u + iu), u + iu),( A,(u + iu), u + iv)), (u,v) E S(R2").
Hence, the numerical range W(A) can also be obtained as the range of nd. Our aim is to study certain differential properties of the map nA. More precisely, since n, is a map from S(rW2n> into Iw2, its dmiuatiue at a point (u; u) E S(rW2n), considered as a linear map from the (2n -l)-dimensional tangent space at (u, u) into Iw ', may have rank 0, rank 1, or rank 2. This partitions the domain S(lw2") of n.,, into three pairwise disjoint sets &,(A), I%,(A), and &(A), respectively. As it turns out, the stationary points of n* are exactly the joint eigenvectors of A, and A, (which are obviously also the joint eigenvectors of the operator A = A, + iA, and its adjoint A*). Moreover, all points (.u, o> E Z,(A) are mapped into the interior of W(A), and the points of z,(A) turn out to be intimately connected with aW( A).
Our motivation for this approach is as follows. Given a collection of d here f^ denotes the Fourier transform of f. By virtue of a formula due to E.
Nelson (1121; see also [7] ) it is possible to write the distribution T(A) as a certain matrix-valued differential operator applied to the measure p 0 n,' defined in Iw d, where /.L is the uniform probability measure on S(d=") and nA:r++((A,x,x),...,(Ad x, x)), for x E S(@">, is the numerical range map. Accordingly, it is to be expected (and hoped) that information about differential properties of nA will lead to a better understanding about analytic properties of the Weyl functional calculus for systems of matrices. The present note makes an initial step in this direction. The importance of differential properties of nA is already apparent from classical matrix theory in the case d = 2. The derivative NL(p, 9) of NA at the point (p, 9) E Iw2" is the usual linear map from the Euclidean space Iw2" into 58' defined in the sense of standard multivariable calculus; i.e., it is specified by the condition lim N*(p+kq+k) 
MAIN RESULTS

Let
Proof. We have N,(p, 9) = (( A,x, x), ( A,x, x)). Since
for j E { 1,2}, the result follows by differentiating with respect to p and 9. m By restricting N*: R2" + R2 to the unit sphere S(rW2n) = {x E (w'" : C$ r xf = I] we obtain the numerical range map nA associated with the pair A = (A,, A,); cf. Section 1. Hence, nA : S(R2") + [w' is a smooth map from the (2n -I)-dimensional C" manifold FS(LJ!~~) into (w2. Its derivative n',(u) at a point u E S(rW2n> is therefore a linear map from the tangent space T,,S(R2") of S(rW2n) at u into Iw2. Moreover, TuS(lR2") is the orthogonal complement {u)" of span(u) in (w2". So, if u = (p, 9) with p, 9 E Iw", then the linear map n;(u) is the restriction of the linear map NA( p, 9) : lR2" + R" to {(p,9)lL.
In particular, given u E S(rW2"), the linear map n;(u) has rank 0, rank 1, or rank 2.
DEFINITION 1. Let u E S(R2").
(a) The point u is called a stationary point or rank 0 critical point of nA if n',(u) = 0. The set of all stationary points of nA is denoted by Z,(A).
(b) The point u is called a rank 1 critical point of nA if n',(u) has rank 1; the set consisting of all such points is denoted by Z,,(A).
(c) We call u a regular point of nA if n',(u) has rank 2. The set of all regular points of nA is denoted by E:,(A).
We can now formulate the result coresponding to (Pl) in terms of the map nA. Note that n_,, 0 R, which has domain S(rW"'), is the numerical range map associated with the pair (U*AIU, U*A2U). Moreover, e, is an eigenvector of U*AU with eigenvalue h. Hence, it suffices to assume that p = (1, 0, . . . ,O>"
(where t denotes transpose) and 9 = 0, both being in R", for then p + iq = e, is a joint eigenvector of the pair (U*ArU, U *A2U) and so Ue, is a joint eigenvector of A.
Let Aj = Sj + i?;, j E {1,2), where each Sj is real symmetric and each q is real skew-symmetric. Then Ae, = he,, together with the fact that Sj and ?; (j = 1,2) have real entries, implies that (Sl -T2)e1 = a1 and (S, + T,)e, = be,.
The 
This yields that {(au,bu> :u E S(R3), q = 0, (a,b) E S(R x R)) c Z,,(A).
In particular, U= is a rank 1 critical point of n*, and n,(u) = Perhaps more surprising is that, as the following examples show, such points may even occur in the absence of A-invariant subspaces. In each of these examples, the image under nA of all the critical points coincides with a certain algebraic curve C(A) (using the notation of [5] ) together with any parts of J;'( aW( A)) which do not already belong to C(A). The importance of the curves C(A) in determining the numerical range of a given operator A = A, + iA, was first observed by R. Kippenhahn [B, Theorem lo] and, independently, by F. D. Murnaghan [II] . They showed that W(A) coincides with the convex hull (in rW2> of the curve C(A) and then studied C(A) for further information on A (see also [S] ). Since other examples exhibit the same phenomena, this suggests the following conjecture. A = (A,, A,) be a pair of Hermitian operators in @", and A = A, + iA,. If A has no joint invariant subspace, then n.&,(A)) = C( A) " I;'( aW( -4)).
CONJECTURE. Let
(*)
For n = 2, the Conjecture is true. To see this we note that A has no joint invariant subspaces (or, equivalently, no joint eigenvalues) precisely when Before we establish Proposition 4, we collect some relevant facts which hold for all n > 1. Recall that if h E lw2 belongs to n,(&(A)) then, by Proposition 2, h E J; r(W( AP ). In particular, W(A)" # 0 whenever &(A) # 0. If A E J;'(W(A) ) and n,'(h) C_ &(A), then we call h a regular value of n,. Thus, a regular value of nh necessarily lies in J;'(W ( A)" ) . To simplify computations, we reduce the problem to two real dimensions. To do this, note that for any A E C with IAl = 1, the equalityN(CAr) =Jv,<x) holds for all x E C2. Any vector x = (x,, x2) in S(C2) with x2 f 0 can be written in the form h(lz\' + 1)-'/2(z, 1) for some z E C and some h E C such that IAl = 1, so that 
Proof.
Recall the complex projective line C P' is the set of all complex lines in C2. It may be identified with the (compact) quotient manifold S(rw4>/-, where Ji'x -ji'y f or X, y E S(C2), if there exists p E @ with ( p( = 1 such that x = py. Let r : S(G2) -+ @P1 be the projection given by r(x) = span{r) for x E S(@'>, and J2 ;S([w4) + S(C') be the restriction of J2 from [w4 to S(rW4>. Then ii = m 0 Jz is a submersion from S(rW4) onto C P', where CP' is considered here as a real two-dimensional manifold. The map Cc, : z + span{(z, 1)) maps C homeomorphically onto CP' \ {spame,}}. We can interpret CP' as a one-point compactification of Cc, in which the point M at infinity is given by span{e,}, so that I) is the restriction to C of a homeomorphism from C U {m} onto CP'. The set n-'(m) is equal to 1 pe, : p E c, ( pI = 1).
Let 5:CP1 + C be the map induced by v under this correspondence, that is, (E, 0 I))(Z) = v(z) for all I: E C, and C(span{e,}) = (_l1 0 nA 0 Jil)(e,> = (Y. Then n,(x) = (11' 0 V 0 5Xx) for all x E S(rW4>. Because ii is a submersion, it follows that rank n;(x) = 2 iff rank F '(i;(x)) = 2 for any x E S(rW4>, where we regard 5 as a map between the real two-dimensional manifolds C P1 and Iw". If x = (x,, x2> belongs to S(C')\ 7r-'(m), then for z = xiixr E @ we have I)(Z) = r(x) and t'(rr(x>) = (Jc' 0 v 0 JI>'(J~'z>. Hence, na has rank 2 at J~'x iff (J[ I 0 v 0 J1>' has rank 2 at the correspo$ing point J; '2 in 54". It remains to check that ri' has rank 2 at ii-r(m) = Ji '(me '(00)). Let 'l+la-y12. Even this fails. Indeed, consider the pair A = (A,, A,) of Example 2, where n = 3. Then certainly &,(A) = 0 holds (which, for n = 3, is eguiualent to A, and A, having no joint invariant subspace). However, nil(JL '(dW( A))) # Z,(A), since, in the notation of Example 2, n,'(Jl'(dW(A))) = S, but Ii.,(A) = S, U S, (with S, and S, nonempty and disjoint). This shows that Proposition 4 really is particular to n = 2. Any analogue to higher dimensions will probably need to involve the curves C( A).
